Abstract. The Galois group of the minimal polymonal of a Jones index value gives a new type of obstruction to a principal graph, thanks to a recent result of P.Etingof, D.Nikshych, and V.Ostrik. We show that the sequence of the graphs given by Haagerup as candidates of principal graphs of subfactors, are not realized as principal graphs for 7 < n ≤ 27 using GAP program. We further utilize Mathematica to extend the statement to 27 < n ≤ 55. We conjecture that none of the graphs are principal graphs for all n > 7, and give an evidence using Mathematica for smaller graphs among them for n > 55. The problem for the case n = 7 remains open, however, it is highly likely that it would be realized as a principal graph, thanks to numerical computation by Ikeda.
Introduction
Since V. F. R. Jones introduced the index theory of subfactors in [15] , the theory of operator algebras have been achieving a remarkable development, having relations with low dimensional topology, solvable lattice model theory, conformal field theory and quantum groups. The following was the first breakthrough in the theory of Jones. Later, he also introduced a principal graph and a dual principal graph as finer invariants of subfactors. The Perron-Frobenius eigenvalue of the (dual) principal graph of a finite-depth subfactor N ⊂ M is equal to [M : N]. Using this fact Jones proved in the middle of 1980's that subfactors with index less than 4 have one of the Dynkin diagrams of ADE type as their (dual) principal graphs. A. Ocneanu discovered a complete invariant for finite depth subfactors called "paragroup" and announced in [21] that subfactors with index less than 4 are completely classified by the Dynkin diagrams A n , D 2n , E 6 , and E 8 . (See also [2] , [12] , [14] , [16] , [23] .) Ocneanu [22] . In such case the graphs G, H which are used to define a biunitary connection turns out to be the (dual) principal graph of the subfactor. Moreover each vertex of the graphs corresponds to a bimodule generated by the subfactor, and that the (dual) principal graph encodes the fusion rule of the bimodules. Therefore, the problem of whether a given pair of graphs are realized as (dual) principal graph is reduced to construction of biunitary connection and to prove that it is flat. The detail of the paragroup theory is found in [5] .
After that, Popa ([22] ) extended the correspondance between paragroups and subfactors of the hyperfinite II 1 factor to the strongly amenable case, and gave a classification of subfactors with index equal to 4. (In this case, the dual principal graph of a subfactor is the same as the principal graph. See also [13] .) Some subfactors with index larger than 4 had been constructed from other mathematical objects. For example, we can construct a subfactor from an arbitrary finite group by a crossed product with an outer action, and this subfactor has an index equal to the order of the original finite group. Trivially, the index is at least 5 if it is larger than 4. We also have subfactors constructed from quantum groups U q (sl(n)), q = e 2πi/k with index
as in [26] and these index values do not fall in the interval (4, 5) . A subfactor with an index 3+ √ 3 = 4.73... appeared in [7] is constructed by embedding the graph algebra of A 11 into that of E 6 . U.Haagerup gave in 1991 a list of possible candidates of graphs which might be realized as (dual) principal graphs of subfactors with index in (4, 3 + √ 3) = (4, 4.732 · · · ) in [8] . We see three pairs of finite graphs, including two pairs with parameters, along with a pair of infinite graphs A ∞ in (1), in §7 of [8] . Since then D. Bisch proved that a subfactor with (dual) principal graph (4) in §7 of [8] does not exist [3] by checking inconsistency of (2) in the list of Haagerup fusion rule on the graph. Haagerup and the author proved that two pairs of graphs: the case n = 3 of (2): see Figure 2 as well as the case (3) in §7 of [8] , are realized as (dual) principal graphs of subfactors, and that such subfactors are unique respectively ( [1] ). The remaining problem was whether the graphs for the case n > 3 of (2) as in Figure  2 would be realized as (dual) principal graphs of subfactors. Haagerup proved that the obstruction as found for the case (4) by Bisch does not exist on any of the pairs of the graph in (2) . Moreover he proved that unique biunitary connection exists for each the pair of the graphs ( [9] ). For the case n = 7, it was numerically checked by K.Ikeda that the biunitary connection is flat( [11] ). There has been no progress for several years since then. Recently P.Etingof, D.Nikshych, and V.Ostrik showed in [4] Theorem 8.51, that the index of a subfactor has to be a cyclotomic integer, namely an algebraic integer that lies in a cyclotomic field. This implies that if the square of PFEV of a graph is not a cyclotomic integer, the graph cannot be the (dual) principal graph of a subfactor.
In this paper we prove that the graphs in Figure 2 are not (dual) principal graph for n = 4k + 3 for 1 < k ≤ 13 by computing Galois groups of minimal polynomials of the square of PFEV of the graphs. We also prove that for the case k = 1 the square of PFEV of the graphs is a cyclotomic integer: thus we cannot eliminate the possibility that the graphs might be (dual) principal graphs of a subfactor. We further give an evidence by Mathematica computation that the graphs for larger k are not principal graphs. We conjecture that for the case k > 1 none of the graph is (dual) principal graph of a subfactor.
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Preliminaries
In the following we list some known theorems in Galois theory necessary for later discussion. 
Theorem 2.1. (Galois correspondence [10]) Let F be a finite dimensional Galois extension of K. Then there is oneto-one correspondence between the set of all intermediate fields of the extension and the set of all subgroups of the Galois group
up to sign. Then we have
and
We may replace Q by 
where
where c is half the number of complex roots of p(x).
Our use of these theorems are as follows: Let d be an algebraic integer with the minimal polynomial
Thus by Galois correspondence it corresponds to a subgroup of Aut Q F = Z n for some n. Since any subgroup of Z n is normal, the extension Q(d)/Q is Galois. Thus all the roots of p(x) belong to Q(d), and the Galois group of p(x) is a quotient of Z n , which is always abelian. Together with Kronecker's theorem, we conclude the following:
Proposition 2.5. An algebraic number d is a cyclotomic integer if and only if its minimal polynomial has an abelian Galois group.
The following facts are useful in computing Galois group.
, and E be a splitting field of f generated by its roots over K. If f is irreducible and separable, Gal(E/K) = Gal(f ) acts transitively on the roots of f , i.e. Gal(f ) is a transitive subgroup of S n , where n = degf . Furthermore |Gal(f )| is divisible by n.
Minimal polynomials for the square of Perron-Frobenius eigenvalues
In this section we give a formula for the polynomials which are candidates for minimal polynomials of the square of PFEVs of the graphs in Figure 2 . Since PDEVs of each pair coincide, we only use the first sequence of the graphs. The adjacency matrix of the graph Γ k is as follows:
Where (i, j)-entry is given by the number of edges connecting r i and c j . Notice that r i 's are even vertices and c j 's are odd vertices of the graph Γ k , considering * as zero-th vertex. The PFEV β k is the unique eivenvalue of the matrix
with the largest norm. Note that the rows (resp. columns) of M k are labeled by the vertices of Γ k in the order of r 1 , r 2 , ..., r 6+2k , c 1 , ..., c 4+2k .
It is known that β k is a real number, its eigenspace is one dimensional, and an eigenvector can be taken to be a real vector. Let u k be the eigenvector chosen so that the entry corresponding to the row labeled by r 6+2k will be one. We may regard u k as a direct sum of two vectors u k = (v k , w k ), where v k consists of the entries corresponding to even vertices (i.e. r's), w k corresponds to odd vertices (i.e. c's). Then we have the following relation:
The largest norm of the eigenvalues is given by β k 2 =: d k . On the other hand clearly d k is an eigenvalue with eivenvector u k , thus d k is the PFEV of (M k ) 2 . Since non-zero eigenvalues of A k A k t and that of
. Thus we deal with N k := A k t A k , since it is a smaller matrix. N k is given as follows: 
Let us call the (3+2k)×(3+2k) submatrix of N k containing first 3+2k columns and rows N k−1/2 . Let p k be the characteristic polynomial of N k . Then clearly for every half integer k > 1 we have the following recursive relation:
and from this we easily get
Since both p 0 and p 1 contain (x−2) 2 as factor, p k (x) for any k also contains (x−2) 2 . Since our concern is minimal polynomials for PFEVs, we set q k (x) := p k (x)/(x − 2) 2 . Obviously q k (x) satisfy the same recursive equation. Furthermore we have the following:
Proof
We simply plug in x = 1 in the equation: we know that q 0 (1) = −1, q 1 (1) = 0, and we easily obtain q 2 (1) = 1. Suppose q k−2 (1) = 0 Then
We may solve the recursive equation explicitly in a standard method: we obtain the following:
. We conjecture the following:
Then r k (x) is irreducible for any k.
This is proved for the values of k up to 6 by using GAP [6] . (For k = 0, 1 it is obvious.) GAP is an open-source program designed for mathematicians that does not give any approximate solutions without an message stating so or deliberately set by each user to give an approximation, i.e. any solutions given by GAP is mathematically accurate at least to the level of published results. For larger k, it is checked by Mathematica for individual case. Mathematica is not an open-source software, and the users have no way of knowing the reliability of results, thus we do not dare to claim it as a proof. However we would like to note that we found a prime number for each k modulo which Mathematica thinks that r k (x) is irreducible, for k = 7, ..., 13. Following is the list of the smallest primes p used for each k: we list as (k, p). (7,3), (8,2), (9,5), (10, 3) , (11, 3) , (12, 2), (13, 11) . Since factorization of a polynomial modulo prime is a finite process, we can conclude that r k (x)'s for k = 7, ..., 13 are irreducible. And for k = 14, ..., 19, Mathematica thinks that r k (x)'s are irreducible for whatever reason we do not know. Note that the number "19" is totally arbitrary: it does not mean that it is the maximum k that Mathematica could handle.
4. Galois groups of r k (x) and cyclotomicity of d k .
Our aim is to check if d k is cyclotomic number. Thus we need to compute the Galois group of its minimal polynomial m k (x). If r k (x) in the previous section is irreducible, it coincides with m k (x). Otherwise m k (x) factors r k (x). For k = 0, 1, we have the following:
where for a polynomial f ∈ Q[x], we denote its Galois group by Gal(f ).
Using Proposition 2.6, we have Gal(r 0 (x)) = Z 2 = S 2 and that Gal(r 1 (x)) is a transitive subgroup of S 3 , i.e. A 3 = Z 3 or S 3 . Now, we compute the discriminant of r 1 (x) = x 3 − 8x 2 + 17x − 5 using the formula given in Remark 2.4. We have the resultant Res(r 1 , r
3·2/2 · (−169) = 13 2 . Therefore Gal(r 1 (x)) = Z 3 . The above result implies that d 0 , d 1 are cyclotomic numbers by Theorem 2.2. For k = 0 in fact we had already known that d 0 is cyclotomic, since the graph Γ 0 in Figure 2 is realized a principal graph. For k = 1, this result implies that Γ 1 still has a chance of being a principal graph, but it needs to be checked by other methods.
We may still utilize GAP for small values of k.
This implies that d k 's for k = 2, ..., 6 are not cyclotomic, thus corresponding Γ k 's cannot be realized as principal graphs of subfactors. The readers may wish to check it on their own for small k, here we provide the first two polynomials:
For larger k, we may still work using Mathematica. We have the following very strong fact: The followings are the results: note again that the numbering is shifted by 1 from our paper. Since the computation gives integers as result, we can take the computation to be accurate. Here {{p, n p }, {q, n q }, ...} means that the given number is prime-factorized in the form of p np · q nq · ..... Observe that all the exponent of the prime factors are 1, namely they are all square-free. Thus we conclude the following:
Theorem 4.5. The graphs Γ k in Figure 2 are not principal graphs of subfactor for 13 ≥ k > 1.
Note that from discriminant test it is also very likely that the theorem is true for the case 19 ≥ k > 13: the only reservation for this range is irreducibility of r k 's, as noted earlier. At this point we hope for a proof for the following conjecture: Conjecture 4.6. The graphs Γ k in Figure 2 are not principal graphs of subfactor for any k > 1.
